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DISCRETE MATHEMATICS

Ten marks questions:

1. Show that (Z, *) is an infinite abelian group where * is defined as a *
b=a+b+2.
Solution:

(i) Closure axiom :

Since a, b and 2 are integers a + b + 2 is also an integer.
S.a*bezVabez
Thus closure axiom is true.
(if) Associative axiom :
Leta,b,c =G
@*b)*c=(@+b+2)*c=(@a+b+2)+c+2=a+b+c+4
a*(b*c)=a*(b+c+2)=a+(b+c+2)+2=a+b+c+4
=(@*b)*c=a*(b*c)
Thus associative axiom is true.

(iii) Identity axiom :

Let e be the identity element.

By the definition ofe,a*e=a

By the definitionof *,a*e=a+e+2
—a+te+2=a

—e=-2

—2 &Z. Thus identity axiom is true,

(iv) Inverse axiom :

Leta =G and a—1 be the inverse element of a
By the definitionof a-1,a*a-1=e=-2

By the definitionof *,a*a-1=a+a-1+?2
—atal+2=-2

—a-l=-a-4

Clearly -a—4 €Z. .".Inverse axiom is true. .".(Z, *) is a group.
(v) Commutative property :
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Leta,b €G

a*b=a+b+2=b+a+2=Db*a ..*iscommutative.

. (Z, *) is an abelian group. further, Z is an infinite set. The group is an
infinite abelian group.

2. Show that the set G of all matrices of the formE: )ﬂ where

x €R —{0}, is a group under matrix multiplication.
Solution:

Let G :{ECC ;3 \x € R— {0}}We shall show that G is a group under

matrix multiplication.,
(i) Closure axiom :

A:g x]e G.B =g y}e G
X y

_ [(2xy nyJ
AB= @xy 2xy € G(x #0,y #0=2xy #0)

I.e., G is closed under matrix multiplication.

(if) Matrix nEuItip!ication Is always associative.

(iii) Let E = 2 ee &G be such that AE = A for every A €G.

%

AE = A=[ ;]"e ‘"\=[X "]

X e e/ X X
@xe 2xe)  _ {x X
xe 2xe X X

:>2xe:x:>e:% (x #0)

RPN

1
Thus E :{ f] &G is such that AE = A, for every A €G
L 1

2
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We can similarly show that EA = A for every A €G.
..E is the identity element in G and hence identity axiom is true.

. a (Y y : 1
= — =
(iv) Suppose A [y y] Gissuchthat A"TA=E
2xy 2xy] _[1/2 1/2
Then we have xy 2xy) \1/2 1/
=2Xy = Y2
-1
y= 4x

A= Efii 51@ G is such that A-1A = E

Similarly we can show that AA™* = E. .".A™ is the inverse of A.
.G is a group under matrix multiplication.

3.Show that the set G = {a + bv2/a, b =Q} is an infinite abelian
group with respect to addition.

Solution:

(i) Closure axiom :

Letx,y €G.Thenx=a+bv2,y=c+dv2;a,b,c,d €Q.
Xx+y=(@+bv2)+(c+dv2)=(a+c)+ (b+dV2EG,

since (a + ¢) and (b + d) are rational numbers.

.G is closed with respect to addition.

(if) Associative axiom : Since the elements of G are all real numbers,
addition

IS associative.

(iii) Identity axiom :

There exists 0 = 0 + 0v2 G such that for all x = a + bV2 G,
x+0=(a+bv2)+(0+0+2)
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—a+bv2=x

Similarly, we have 0 + x = x. .".0 is the identity element of G and
satisfies the identity axiom.

(iv) Inverse axiom :

For each x = a + b V2 EG, there exists —x = (-a) + (-b) V2EG
such that x + (-x) = (@ + b V2) + ((-a) + (-b) V2)
=(a+(-a)+(b+(b)Vv2=0

Similarly we have (—x) + x=0

. (—a) + (-b) V2 is the inverse of a + b V2 and satisfies the inverse
axiom. .".G is a group under addition.

(v) Commutative axiom :
x+y=(a+c)+(b+d)v2=(c+a)+(d+b)V2

=(c+dV2)+ (a+b+2)

=y +x, forall x,y €G. .. The commutative property is true.

(G, +) is an abelian group. Since G is infinite, we see that (G, +) is an
infinite abelian group.

4. Let G be the set of all rational numbers except 1 and * be defined on
Ghby a*b=a+b—-abforall a, b €G. Show that (G, *) is an infinite
abelian group.

Solution: Let G = Q {1}

Leta, b €G. Then aand b are rational numbersand a #1, b # 1.

(i) Closure axiom : Clearly a * b = a + b —ab is a rational number. But
to

prove a * b =G, we have to prove thata * b +1.

On the contrary, assume that a * b = 1 then

a+b-ab=1
—>b-ab=1-a
=b(l-a)=1-a

=b=1(a #1, 1-a #0)
This is impossible, because b # 1. .". Our assumption is wrong.

S.a*b #1landhencea*b €G.
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.".Closure axiom is true.

(if) Associative axiom :
a*(b*c)=a*(b+c-bc)
—a+(b+c-bc)-a(b+c-bc)
—at+tb+c-bc-ab-ac+abc
(@*b)*c=(@+b-ab)*c
=(a+tb-ab)+c—(a+b-ab)c
—at+b+c-ab-ac-bc+abc
S.a*(b*c)=(@*b)*c Va,b,c EG
.. Associative axiom is true.

(i) Identity axiom : Let e be the identity element.
By definition ofe,a*e=a

By definitionof *,a*e=a+e-ae
—a+e-ae=a

—e(l-a)=0
—e=0sincea #1
e=0¢<G

.". Identity axiom is satisfied.

(iv) Inverse axiom :

Let a* be the inverse of a €G.

By the definition of inverse,a*a*=e=0
By the definition of *, a*a'=a+a '—aa"
—a+a —aa =0

=a'(l-a)=-a

—=a =—€EGsincea #1

o
. Inverse axiom is satisfied. .". (G, *) is a group

(v) Commutative axiom :

Foranya,b =G,a*b=a+b-ab

=b+a-ba

=b*a

. * i1s commutative in G and hence (G, *) is an abelian group. Since G is
infinite, (G, *) is an infinite abelian group.
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5. Prove that the set of four functions f1, f2, f3, f4 on the set of nonzero
complex numbers C —{0} defined by

fl(2) = 2, f2(2) = 2, 3(2) =,

and f4(z) = —in & C —{0} forms an abelian group with respect to the
composition of functions.

Solution: Let G = {fy, T, f5, f4}

(f." f1) (2) = fu(f(2)) = f2(2)

S fi=1

f” fi=f,f3" fi="15f fi=f,

Again (f,” f2) (2) = f2(f2(2)) = fo(-2) = ~(-2) =2 =1(2)
S f=1

Slmllarly fzo f3 = f4, fzo f4 = f3

(] 1) (@) =t ( () = (1) === 1,(2)

s =1y

Similarly f3° f=1,f;° f,=1

(i 1)

(¢ £)@) =) =2 =-= = 2=130)
N PR PR

Slmllarly f4o f3 = f2, f4o f4 = fl
Using these results we have the composition table as given below :

° A o fi T
L i L 8 &
f. f f; f, f3
., £, f i 6
f, f, fs f, f

. From the table
(i) All the entries of the composition table are the elements of G .
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.".Closure axiom is true.

(i) Composition of functions is in general associative.

(ini) Clearly fy is the identity element of G and satisfies the identity
axiom.

(iv) From the table :

Inverse of f; is f; ; Inverse of f,is f,

Inverse of f5 is f3; Inverse of f4is f,

Inverse axiom is satisfied. (G, 0) is a group.

(v) From the table the commutative property is also true.

(G, 0) is an abelian group.

6.Show that (Z,, +,) forms group.

Solution:

Let Z,={[0], [1], [2], ... [n—1]} be the set of all congruence
classes modulo n. and let [I], [m], €Zn 0 <I, m, <n

(i) Closure axiom : By definition

[I+m]ifl+m<n
[1]+o[m]=[r]ifl+m2nwherel+m=q.n+r0<r<n

In both the cases, [| + m] €Z,and [r] €2,

.".Closure axiom is true.

(if) Addition modulo n is always associative in the set of congruence
classes

modulo n.

(iii) The identity element [0] &Z,and it satisfies the identity axiom.
(iv) The inverse of [I] =Z,is [n ]

Clearly [n —1] €Z,and

[1] +n[n—1] = [O]

[n ] +[1] = [0]

.. The inverse axiom is also true. Hence (Z,, +,) is a group

8 | BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ,ARAKONAM-12""MATHS 6 & 10 MARKS

O A O N N R e e

y
E N B N B N o



O e A O N R e R e e

7. Show that (Z;—{[0]}, .7) forms a group.

Solution: Let G =[[1], [2], ... [6]]

The Cayley’s table is

7 [1112] [3] [4] [5] [6]

[1] [1] [2] [3] [4] [5] [6]

[2] [2] [4] [6] [1] [3] [3]

[3] [3] [6] [2] [5] [1] [4]

[4] [4] [1] [5] [2] [6] [3]

[5] [5] [3] [1] [6] [4] [2]

[6] [6] [5] [4] [3] [2] [1]

From the table :

(i) all the elements of the composition table are the elements of G.
.".The closure axiom is true.

(it) multiplication modulo 7 is always associative.

(iii) the identity element is [1] G and satisfies the identity axiom.
(iv) the inverse of [1] is [1] ; [2] is [4] ; [3] is [5] ; [4] is [2] ; [B] is [3]
and

[6] is [6] and it satisfies the inverse axiom.

.".The given set forms a group under multiplication modulo 7.

8 .Show that the nth roots of unity form an abelian group of finite
order with usual multiplication.

Solution: We know that 1, o, w®..... »" * are the nth roots of unity,
where

w=_CIS2

n.LetG={1, o, °... o "}

(i) Closure axiom : Let ', ®™ €G, 0<I, m<(n-1)

Toprove o' o™= 0" " EG

Case (i) | + m<n

If I + m<nthenclearly »'*™ €G

Case (ii) | + m >n By division algoritham,

| + m=(qg.n)+rwhere0<r<n, qisa positive integer.

w' "= 0™ = (0" 0= (1) 0= 0" €G ~0<r<n
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Closure property is true.

(if) Associative axiom : Multiplication is always associative in the set of
complex numbers and hence in G

wll(wp.wm) — ! @M= HErm _ (I+p)+m_ (wl+p) L
= (0. o). 0o"=Vo' o o’ EG

(ili) Identity axiom : The identity element 1 &G and it satisfies
lLo'=zowll=0'Vo' €6

(iv) Inverse axiom :

Forany »'€G, o"'€Gand 0. 0" = 0" w'= 0"=

Thus inverse axiom is true.

(G, .) isagroup.

(v) Commutative axiom :

o o™= el T"= ™= ™ 'Y a)l, o EG

.. (G, .) is an abelian group. Since G contains n elements, (G, .) isa
finite

abelian group of order n.

9. Show that the set G of all positive rationals forms a group under the
composition * defined by a* b :% foralla, b =G.

Solution:
(i) cloure axiom:

Leta,b € G .Since a,b are positive rational ,

ab
ab is positive rational and hence ey is also positive rational

ab
ey € G i.e.,axb€e G

~ Closure axiom is ture
(if) Associative axiom:

Leta,b,c€ G
(a*b)* ¢ = a*(b*c)
ab bc
3 ¢ a* 3
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abc _abc
9 9
L.H.S.=R.H.S.

Associative axiom is true
(iii)1dentity axiom:

Let e be the identity element .
a*e = e*a=a

a*e =a

el a
e=3€ G
~ identity axiom is ture
(iv) Inverse axiom:
Leta € G and a™ is the inverse element of a
a*a =a' *a=e

a*alt=e
aa‘1

3 =3

. 9
atl=2€e ¢
a
~ Inverse axiom is ture
=~ (G ,¥) isagroup

10. Let G be the set of all rational numbers except -1 and * be defined
onGby a*b=a+Db+abforall a, b G. Show that (G, *) is an
infinite abelian group.

Solution: Let G = Q —{-1}

Leta, b €G. Then a and b are rational numbersand a #-1, b #-1,
(i) Closure axiom : Clearly a * b =a + b +a b is a rational number,
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But to prove a * b G, we have to prove thata * b #-1.
On the contrary, assume that a * b = 1 then
atb+ab=-1
=b+ab=-1-a

=Db(1 +a) =-(1 +a)

=b=-1(~a #-1, 1+ta #0)

This is impossible, because b #= —1. .".Our assumption is wrong.
S.a*b #-1land hencea* b €G.

.".Closure axiom is true.

(if) Associative axiom :
a*(b*c)=a*(b+c+bc)

—a+((b+c+ bc)+ a(b+c+bc)
=a+b+c+bc+ab+ac + abc
(@*b)*c=(a+b+ab)*c
=(@a+bt+ab)+c+(a+b+ ab)c
=a+b+c+ab+ac +bc + abc
S.a*(b*c)=(@*b)*c Va,b,c EG

.. Associative axiom is true.

(iii) Identity axiom : Let e be the identity element.
By definition ofe,a*e=a

By definition of *,a*e=a + e +ae

—a+e+ ae=a

—e(l+a)=0
—e=0sincea -1
e=0¢eG

.. Identity axiom is satisfied.

(iv) Inverse axiom :

Let a ' be the inverse of a EG.

By the definition of inverse,a*a*=e=0
By the definitionof *, a*a'=a+a'-aa"
—a+a'+ aa =0
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=a'(l+ a)=-a

—a :a_—_alEG sincea #- 1

. Inverse axiom is satisfied. .". (G, *) is a group

(v) Commutative axiom :

Foranya,b =G,a*b=a+b+ ab

=b+a+ ba

=b*a

. * is commutative in G and hence (G, *) is an abelian group. Since G is
infinite, (G, *) is an infinite abelian group.

11. Show that the set {[1], [3], [4], [5], [9]} forms an abelian group
under

multiplication modulo 11.

Let G =[[1], [3], [4], [5], [9] ]

The Cayley’s table is

a1 [1][3] [4] [5] [€]

[1] [1][3] [4] [5] [€]

[3] [3][9] [1] [4] [5]

[4] [4] [1] [5] [9] [3]

[5] [5] [4] [9] [3] [1]

[9] [91[5] [3] [1] [4]

From the table :

(i) all the elements of the composition table are the elements of G.
.".The closure axiom is true.

(i1) multiplication modulo 11 is always associative.

(iii) the identity element is [1] G and satisfies the identity axiom.
(iv) the inverse of [1] is [1] ; [3] is [4] ; [4] is [3] ; [5] is [9] and [9] is
[5]

and it satisfies the inverse axiom.

.".The given set forms a group under multiplication modulo 11.
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12. Show that the set G of all matrices of the form E)l %] where

x €R —{0}, is a group under matrix multiplication.
Solution:

Let G :{[g 8 \a € R— {O}}we shall show that G is a group under

matrix multiplication.
(i) Closure axiom :

_(a _la O
A_[o 36633_{0 OJEG

AB= Elob 8]6 G(a #0, b #0 =ab+0)

I.e., G is closed under matrix multiplication.
(if) Matrix multiplication is always associative.

(iii) Let E {8 g]EG be such that AE = A for every A €G.
S AR

b o) G d

= ae=a—e=1 (a #0)

1 O] =G issuch that AE = A, forevery A €G

Thus E = 0

We can similarly show that EA = A for every A €G.
..E is the identity element in G and hence identity axiom is true.

(iv) Suppose A :[’(; Ol=Gis such that ATA = E
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xa 0)_(1 O
Then we have[o O] = [0 (J
=>xa=1
1
X==
a
.'.A‘lz[léa 8} e€Gissuch that A-1A=E

Similarly we can show that AA™ = E. ..A™ is the inverse of A.

.G is a group under matrix multiplication.
(v)Commutative axiom:

A B <SG
_(ab 0
AB—{O o}

_ {ba OJ
0 O
=BA (@ab€e R => ab= ba)
=~ The group is an abelian group under matrix multiplication

13. Show that the set G = {2n/ n €Z} is an abelian group under
multiplication.
Solution:

G={2"/n €7}
(i)closure axiom :
Letx=2" y= 2°€ G wherer,s €Z

Xy=2".25=2""%e G (rS€Z =>r+s €Z)
~ The closure axiom is ture.
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(i)Associative axiom;
x=2", y= 25z= 2t € GwherersteZ

(X. y)z — (ZT. 25)_ 2t = gr+s ot — 2(r+s)+t
= or+(s+t) = o7 (25. zt) — x.(y.z)
-~ Associative axiom is ture
(iii)ldentity axiom:
Foreveryx=2" € G,thereexist 1=2%€ G
Suchthatx.1=2".1 = 2" =x

Similarly 1.x=1.2" =2" = x

~ 1is the identity element and hence the identity axiom is ture
(iv)Inverse axiom:
For every x=2" € G,there exist

x 1=27" e Gsuchthatx. x1=27r.277= 2r+(=1) =20 =1

Similarly x*x=27T".2"=20 =1
~ Inverseof 2"is27" e G =
> [nverse axiom axiom is ture and
therefore G is a group

(v)Commutative axiom:
X=2",y=2€G
X. Y= 2725 =27+ = 2541 =25 1 = y

commutative axiom is true
(G, .) is a abelian group
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14. Show that the set M of complex numbers z with the condition

| z | = 1forms a group with respect to the operation of multiplication of
complex numbers.

Solution:

M={zeC\|z| =1}

(i) Closure axiom:
Letz, z,EM

Z1Z7| = |z1||zo| =1.1=1=> 7z, z,EM
122 1122

~ Closure axiom is ture
(ii)Associative axiom:

The multiplication of complex number is always associative
(iii)1dentity axiom:

|1] = 1 € C such that
z1=1z=z
~ 11is the identity element

=~ Identity axiom is ture
(iv)Inverse axiom:

Let ze M . |z|=1

1 1 1 1 1
=—===]1=>-eMamdz.-==-.z=1
|z| 1 z zZ z

1 . .
~ = Istheinverseofze M

VA
~ Inverse axiom is ture
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~ M is a group with respect to the multiplication of complex number

E9eag 9909 9

where »®=1, » #1 form a group with respect to matrix multiplication.
Solution:

_1 0 w 0 _wzi))] _[03
Let—E | a [O w} 81" O 0 )

(0 w?)l. _ (0 w
D_[w OJE_@)2 OJ

Let G ={I, A, B, C, D, E}

By computing the products of these matrices , taken in pairs, we can
form the multiplication table (Cayley’s table ) as given below:

. I A B C DE
Il I A B C DE
AAB Il ECD
BB I A DEZC
cCcCDE I AB
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DDECDB I A
EE C D A B I

(i)All the entries in the multiplication table are members of G. So G is
closed under multiplication of matrices.

= Closure axiom is ture

(i1)Since matrix multiplication is associative in general, we see that © ." is

associative
(ii1) From the table, it is clear that, | is the identity element in G.
(iv)l . I =1 => 1 is the inverse of |

A. B =B.A =1=> A and B are inverses of each other.
C.C=1=>Cistheinverse of C
D. D =1=>D s the inverse of D
E.E =1=>E sthe inverse of E

~ Gis a group with respect to matrix multiplication.

Six marks equations:
1. Construct the truth table for (p *q) v (~(p"q))
Solution:

Truth table for (p *q) v (~(p"q))

p q P"q ~("q) (@ "Pv(~("9))
T T T F T
T F F T T
F T F T T
F F T T T
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2. Construct the truth table for (pvq)vr

Solution:

Truth table for (pvq)vr
p q r pvg (pvqvr
T T T T T
T T F T T
T F T T T
T F F T T
F T T T T
F T F T T
F F T F T
F F F F F
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3. Construct the truth table for (p *q)vr

Solution:
Truth table for(p *q)vr
p q r P"q (p*qvr

T T T T T

F F T F T
F F F F F

4. Use the truth table to establish which of the following statements
are tautologies and which are contradictions.

O ((~p) @) p (i) (pvq) v (~(pvq))(iii) (p"(~q)) v ((~p)vq)
(iv) qv(p v(~q)) (v) (p*(~p)) *((~q)"p

Solution:
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(i) Truth table for((~p)"*q)"p

p q ~p (~p)*q  ((~p) "q) "p
T T F F F
T F F F F
F T T T F
F F T F F

The last columns contains only F
s~ ((~p)*q)"p isacontradictionl

(ii) Truth table for (pvq) v(~(pVvQq))

p qa pvq ~(pvq) (pvqQv(~(pvQq))

T T T F T
T F T F T
F T T F T
F F F T T

The last columns contains only T

~ (pvq) v (~(pvq)) is a tautology
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(iii) Truth table for (p*(~q)) v ((~p)vQq)

p q9q ~p ~q p*(~q9 (pvag @E*(~q)v((~p)vq)

T T F F F T T
T F F T T F T
F T T F F T T
F F T T F T T

The last columns contains only T

= (p*(~q)) v ((~p)v q) is a tautology
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(iv)Truth table for q v (p v(~q))

p q ~q  Pv(~q) qv(pv(~9)
T T F T T
T F T T T
F T F F T
F F T T T

The last columns contains only T
~ qV (pv(~q)) is a tautology
(v) Truth table for (p*(~p)) * ((~q)"p)

P q ~p ~q pv(~q) (~"p (" (~p) " ((~9)"p)
T T F F F F F
T F F T F T F
F T T F F F F
F F T T F F F

The last columns contain only F
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~(p"(~p)) * ((~q)"p) is a contradiction

5.Show thatp— g =(~p) vq
Solution:
Truth table for p— g

p q bp~q
T

T S T R
o I I |

F
T
F

Truth table for (~p) vq

p q ~p (~p)vq
T T F T
T F F F
F T T T
F F T T

The last columns in the truth tables of p— g and (~p) vqare
identical
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% ~p—>q=(~p)vq %
% 6. Show thatpo g = (p » q) *(q = p) %
g% Solution: 8&
% Truth table for pe q %
% p q p<q éi
% T T T éz
% T F F %
% F T F %
éﬁ F F T %
& &
& &
% Truth table for (p = q) *(q = p) %
% P q p—q q->p (@->9"(Qq %
& - P) &
& &
§ T T T T T %
% T F F T F %
% F T T F F %
& . &
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F F T T T

Both the tables have identical last columns.
~peq= (p—~q) @ —p)

7.Show that pe g = ((~p)vaq) " ((~q) vp)
Solution:

Truth table for pe g

p q p<q
T T T
T F F
F T F
F F T

Truth table for ((~p) vq) * ((~q) v p)

p q ~p ~q (pv (~q9 ((~p)vg*((~q)vp)
q JVp

T T F F T T T

T F F T F T F
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F T T F T F F
F F T T T T T

Both the truth tables have last columns as identical
“peq= ((~p)va * ((~q) vp)

8. Show that ~(p*q)= ((~p) v (~q))

Solution:

Truth table for ~(p”q)

p q pq ~(0"q)
T T T F
T F F T
F T F T
F F F T
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Truth table for (~p) v (~q)

p q ~p ~q (~p)v(~q)
T T F F F
T F F T T
F T T F T
F F T T T

Both the table have identical last columns.

~~(*= ((~p) v (~9))
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9. Show that p— q and q — p are not equivalent.
Solution:

Truth table forp—»> qand q - p

p q P—q 1
T T T T
T F F T
F T T F
F F T T

The columns corresponding to p— q and q — p are not identical

~p — qis not equivalenttoq — p
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10. Show that (p *q) = (p v q) is a tautology

Solution:

Truth table for (p*q) = (pvq)

P g9 p*q pvg (p "q)

= (pvq)
T T T T T
T F F T T
F T F T T
F F F F T

The last columns contains only T

~ (p"q) = (pvq) isatautology
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11. Construct truth table for (p v q) *(~q)

Solution:

Truth table for (pvq) *(~q)

p q pvq ~q (pvQq)
"(~q)
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12. Construct truth table for ~((~p)*(~q))

Solution:

Truth table for ~((~p)*(~q)

p qa ~p ~q (~p)*(~q) ~((~p)*(~q))

T T F F F T
T F F T F T
F T T F F T
F F T T T F

13. Show that ((~p) v (~q)) v p is a tautology

Solution:

Truth table for ((~p) v(~q)) vp

p q ~p  ~q (~p)v(~9) ((~p)v(~q)vp
T T F F F T
T F F T T T
F T T F T T
F F T T T T
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The last columns contains only T

~ ((~p) v (~q)) v p is a tautology

14. Construct truth table for (p” q) v(~ 1)
Solution:

Truth table for (p” q) v (~1)

p q r prq ~r (prQvV
(~1)
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15. Construct truth table for (pv )" r
Solution:

Truth table for (pvg)*r
p q r pvqg (pv'r
T T T T T
T T F T F

T F T F T

35 | BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ,ARAKONAM-12""MATHS 6 & 10 MARKS

O A O N N R e e

y
E N B N B N o



O e A O N R e R e e

16. Show that ~(p v @)= (~p) * (~q)
Solution:

Truth table for~(p v q)

p q pvqg ~(vq)

T T T F
T F T F
F T T F
F F F T

Truth table for (~p) * (~q)

p q9 ~p ~q (~p)"(~9
T T F F F
T F F T F
F T T F F
F F T T T

The last columns are identical

#~(pva)=(~p) " (~q)
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17. Show that ((~q) ”* p) * q is a contradiction
Solution:

Truth table for ((~q) *p) " q

p g9 ~q (q)p ((~9)"*pP)"q

T T F F F
T F T T F
F T F F F
F F T F F

The last column contains only F

= ((~q) " p) * qis a contradiction
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18. Use the truth table to determine whether the statement

((~p) vq) v (p *(~q)) is a tautology

Solution:

Truth table for((~p) vq) v (p *(~q))

p q ~p ~q (~p)v p*"(~q) ((~p)vq)v(p”"(~q)
T T F F T F T

T F F T F T T

The last column contains only T

= ((~p) va) v (p *(~q)) is a tautology

18.Show that (R —{0}, .) is an infinite abelian group. Here .’denotes
usual multiplication.

Solution:

(i) Closure axiom : Since product of two non-zero real numbers is
again a non-zero a real number.

i.e., Va,b €R,a.b €R.

(if) Associative axiom : Multiplication is always associative in R—{0}
ie,a.(b.c)=(a.b).c Va,b,c ER—-{0}

.".associative axiom is true.

(iii) Identity axiom : The identity element is 1 &R —{0} under
multiplication and
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l.a=a.l=a, Va €R—-{0}
.. Identity axiom is true.
(iv) Inverse axiom : Va &R —{0}, such that

. Inverse axiom is true. .. (R —{0}, .) is a group.
(V) Va,b €ER—{0},a.b=b.a

.".Commutative property is true. .. (R —{0}, .) is an abelian group

(vi) Further R —{0} is an infinite set, (R —{0}, .) is an infinite abelian
group.

19.Prove that (Z, +) is an infinite abelian group.

Solution:

(i) Closure axiom : We know that sum of two integers is again an
integer.

(if) Associative axiom : Addition is always associative in Z

e, Va,b,cEeZ, (a+b)+c=a+(b+c)

(i) Identity axiom : The identity element O &Z and it satisfies
O+a=za+0=a Va€ez

Identity axiom is true.

(iv) Inverse axiom : For every a €Z, Jan element —a &Z such
that-a+a=a+(-a)=0

. Inverse axiom is true. .. (Z, +) is a group.

(V) Va,b €Z,a+b=b+a

.“.addition is commutative. .".(Z, +) is an abelian group.

(vi) Since Z is an infinite set (Z, +) is infinite abelian group.

20. Show that the cube roots of unity forms a finite abelian group under
multiplication.

Solution:

LetG={1, v, 0’}

The cayley’s table is
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w2 w1

From the table, we see that,
(i) all the entries in the table are members of G.
So, the closure property is true.

(if) multiplication is always associative.

(iii) the identity element is 1 and it satisfies the
identity axiom.

(iv) The inverse of 1is 1

The inverse of wisw?2

the inverse of w?is w

and it satisfies the inverse axiom also

. --(G, ) isagroup.

(v) the commutative property is also true.

.. (G, .) is an abelian group.

(vi) Since G is a finite set, (G, .) is a finite abelian group
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21. Prove that the set of all 4th roots of unity forms an abelian group
under multiplication.

Solution: We know that the fourth roots of unity are 1, i, -1, —i.

Let G = {1, 1, -1, —i}. The Caylely’s table is

From the table,

(i) the closure axiom is true.

(if) multiplication is always associative in C and

hence in G.

(iii) the identity element is 1 =G and it satisfies

the identity axiom.

(iv) theinverse of 1is1;iis—i;—1is—1;and—iisi. Further it satisfies
the inverse axiom. hence (G, .) is a group.

(v) From the table, the commutative property is also true.

. (G, .) is an abelian group.
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22.Prove that (C, +) is an infinite abelian group.
Solution:

(i) Closure axiom : Sum of two complex numbers is always a complex
number.

1.e., 21,2, €EC=>z,+2, €C

Closure axiom is true.

(if) Associative axiom : Addition is always associative in C

e, 1+ 2)+23=21+(2,+23) V1,25, 23 EC

.. Associative axiom is true.

(i) Identity axiom :

The identity elemento=0+io ECando+z=z+0=z Vz €C

.. Identity axiom is true.

(iv) Inverse axiom : For every z =C there exists a unique —z &C such
that

z+(-z)=-z+1z=0. Inverseistrue. .".(C, +) is a group.

(v) Commutative property :

VZLZZ eEC,1+=2,t74

.".the commutative property is true. Hence (C , +) is an abelian group.
Since C is an infinite set (C, +) is an infinite abelian group.

23. Show that the set of all non-zero complex numbers is an abelian
group under the usual multiplication of complex numbers.
Solution:

(i) Closure axiom : Let G = C —{0} Product of two non-zero complex
numbers is again a non-zero complex number.

.".Closure axiom is true.

(if) Associative axiom :

Multiplication is always associative.

.. Associative property is true.

(i) Identity axiom :

1=1+1i0 €G, listhe identity elementand 1.z=z.1=z Vz €G.
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.. ldentity axiom is true.
(iv) Inverse axiom :
Letz=x+1y €G. Here z #0 =x and y are not both zero.
SXEHYPHEO

1 1 x—iy _ x—ly

_y)eG

=1 = - - +.(
z  x+iy (x+iy)(x+iy)  x2+yZ  x2+y2 x2+y?2

Further z .

N |-
N |-

.z=1 ..z has the inverseiEG.

Thus inverse axiom is satisfied. .- (G, .) is a group.

24. Show that the set of all 2 X2 non-singular matrices forms anon-
abelian infinite group under matrix multiplication, (where the entries
belong to R).

Solution:

Let G be the set of all 2 X 2 non-singular matrices, where the entries
belong

to R.

(i) Closure axiom : Since product of two non-singular matrices is again
non-singular and the order is 2 X2, the closure axiom is satisfied.

i.e., A, B €G=>AB €G.

(if) Associative axiom : Matrix multiplication is always associative and

hence
associative axiom is true. i.e., A (BC) = (AB) C VA, B, C €G.
(i) Identity axiom : The identity element is I, = (1) (ﬂEG and it

satisfies

the identity property.

(iv) Inverse axiom : the inverse of A G, exists i.e. A" exists and is of
order

2 X2 and AA' = A'A = I. Thus the inverse axiom is satisfied. Hence the
set of all 2 X2 non-singular matrices forms a group under matrix

multiplication. Further, matrix multiplication is non-commutative (in
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general) and the set contain infinitely many elements. The group is an

infinite non-abelian group.

25. Show that the set of four matricesg ?]{_1 0], [1 OJ ,

0 1 0 -1

[_01 _0; form anabelian , under multiplication of matrices.
Solution

_ 10 ,_ (-1 0 A o _[-1 o0
IS P ) HC [5 —J
G={l,AB,C}
By computing the products of these matrices, taken in pairs, we can
form
the multiplication table as given below :

I A B C
I Il A B C
A A Il C B
B B C I A
C C B A I

(i) All the entries in the multiplication tables are members of G. So, G is
closed under . .. Closure axiom is true.

(if) Matrix multiplication is always associative

(iii) Since the row headed by I coincides with the top row and the
column

headed by I coincides with the extreme left column, | is the identity
element in G.

(iv) I .1 =1=1l1is the inverse of |

A.A=1=Aisthe inverse of A

B.B =1=Bis the inverse of B
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C.C=1=C s the inverse of C
From the table it is clear that . is commutative. .. G is an abelian group

under matrix multiplication.
26. State and prove cancellation laws on groups
Solution:

Let G be a group. Then for all a, b, c €G,
(i)a*b=a*c—=b=c(Left Cancellation Law)

(i) b *a=c*a=b=c (Right Cancellation Law)
Proof: ()a*b=a*c=a'*(@*b)=a’*(a*c)
=@'*a)*b=(a'*a)*c

—e*b=e*c

=b=c
(il)b*a=c*a=>(b*a)*a'=(c*a)*a’
Sb*@*a)=c*@*a’)

—b*e=c*e

=b=c
27. State and prove reversal law on inverses of group

Solution:

LetGbeagroupa,b €G.Then(a*b)'=b'*a™.

Proof : It is enough to prove b * a ! is the inverse of (a * b)
. Toprove (i) (@a*b)*(b**a')=e
(i(b**al)*(a*b)=e
M@*b)*b**a)=a*b*b)*a’

—a*(e)*a"

_]_:

—a*a e
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Solution:

Solution:

q

T

F

T

F
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iyb'*ah)y*@*b)=b'*@**a)*b
=b**(e)*b

=b*'*b=e

“.b**atistheinverseofa*bie, (@*b)*=b**a

For two subdivisions — Each 3 Mark

1. Construct the truth table for p v (~q)

Truth table for p v (~q)

~q

F

T

F

T

2.Construct the truth table for (~p)”*(~q)

Truth table for (~p)*(~q)

~p

~q (~p)"(~q)

pv(~q)
T
T

F

T

y
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T T F F F
F

T F F T

F F T F F

F F T T T

3. Construct the truth table for ~(p v q)
Solution

Truth table for~(p v q)

p q pvg ~(pvq)
T T T F
T F T F
F T T F
F F F T

4. Construct the truth table for (p v q) v (~p)

Solution:

Truth table for(p v q) v (~p)
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T

T

F

F

p

T

T

F

Solution:

pvq

T

T

T

F

p™q

T

F

F

F

O e A O N R e R e e

~Pp

F

F

T

T

5. Construct the truth table for (p*q) v (~q)

Truth table for (p” q) v (~q)

~q

(pvq)v(~p)
T
T

T

T

(P qv
(~q)

y
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6. Construct the truth table for ~(p v (~q))
Solution:

Truth table for ~(p v (~q))

p q ~q pv(~q) ~(Pv(~q)
T T F T F
T F T T F
F T F F T
F F T T F

7. Construct the truth table for (p*q)”*(~q)
Solution:

Truth table for (p*q)*(~q)

p q p™q ~q (PP (~9)
T T T F F
T F F T F
F T F F F
F F F T F

49 | BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ,ARAKONAM-12""MATHS 6 & 10 MARKS

O A O N N R e e

y
E N B N B N o



O e A O N R e R e e

8. Construct the truth table for p v(~q)
Solution:

Truth table for p v(~q)

p qa ~q pv(~q)

T T F T
T F T T
F T F F
T F T T

9. Construct the truth table for ((~p) v (~q))
Solution:
Truth table for ((~p) v (~q))

P 9 ~p -~ (PV

(~a)
T T F F F
T F F T T
F T T F T
F F T T T
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10. Construct the truth table for ~((~p)"q)

Solution:

Truth table for ~((~p)*q)
p qa ~p (p)*q ~({(~p)*q
F

ST ST B
' = T -]
- = 1 T
e e

F
T
F

11. Construct the truth table for (~p)*(~q)
Solution:

Truth table for (~p)*(~q)
P a4 -p -q  (-p)*(q)
FF F

m m 4 -

T
F F T F
T T F F
F T T T
12. Construct the truth table for ~(p v q)

Solution:

Truth table for ~(p v q)
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m m 44 -

p

T

T

q

m <4 M -

Solution:

pv

q

T

F

O e A O N R e R e e

m 4 <4 - <©

13. Construct the truth table for (pvq) v (~p)

Truth table for (pvq) v (~p)

~(pva)

— T T

~p pvq  (pvq) v (~p)

F T T
F T T
T T T
T F T

y
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14. Construct the truth table for (p”q) v (~q)
Solution:

Truth table for (p~q) v (~q)

p q ~q  p"q (p"q) v
(~p)

T T F T F

T F T F F

F T F F F

F F T F F

15. Construct the truth table for ~(p v(~q))

Solution: Truth table for ~(p v(~q))

p q ~q (v(~q) ~@v(~q)
T T F T F
T F T T F
F T F F T
F F T T F
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16. Prove that identity element of a group is unique

Proof:

Let G be a group. If possible let e; and e, be identity elements in G.
Treating e; as an identity element we have e; * e; = e, (1)
Treating e, as an identity element, we have e; *e,=¢el -+ (2)

From (1) and (2), e, =¢,

.. ldentity element of a group is unique.

17. Prove that inverse element of an element of a group is unique
Proof:

Let G be agroup and leta €G.

If possible, let a; and a, be two inverses of a.

Treating a; as an inverse of ‘a’ we havea*a; =a; *a=e.
Treating a, as an inverse of ‘a’, we havea*a,=a,*a=¢e
Nowa;=a;*e=al*(a*a))=(a;*a) *a,=e*a,=a,

= Inverse of an element is unique.
18. Show that (a*)* =a V a € G,a group
Proof:

We know that a *€G and hence (@) 'EG. Clearlya*a'=a'*a=¢e
alx@lyl= (@l xal=e

Sa*a =(@)'*a"

=a = (a ) !(by Right Cancellation Law)
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PROBABILITY DISTRIBUTIONS
Ten mark questions:

1. The probability density function of random variable x is
kx® e B*" x a, >0
feo ={ f
0 ,else where

(i)k (i) P(X> 10)
Solution:

Since f(x) is a probability density function

f_o; f(x)dx =1

kf0°° xa—le—ﬁ x% dx =1

Put t=pfx%

dt=af x* ! dx

© 1 4. _
Jy ki dt =1
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k
=> — E [0-1]—1
k=af

(i) PX> 10) =[; f(x) = [, aBx® e Fx"dx
Put t=px“

dt=af x* 1 dx

10 0

t|B(10)* oo

_ (% —t
‘fﬁ(m)ae dt

400
- [e—_l]lg(lo)a
=-[0-e PN

P(X> 10) = #10°
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2.The number of accidents in a year involving taxi drivers in a city
follows a poisson distribution with mean equal to 3. Out of 1000 taxi
drivers find approximately the number of drivers with (i) no accidents in
a year (ii) more than 3 accidents in a year [e ™3 =0.0498]

Solution:
Average number of accidents in a year =2 i.e., =2
n=1000
Let X denote the number of accidents in a year

(i)  P(noaccidentin year) = P(X=0)

Out of 1000 drivers number drivers involved with no accidents
= n x P(X=0)
=1000x 0.0
=49.8
~ 50

(ii)  P(more than 3 accidents ) = P(X> 3)

= 1- P(X< 3)

=1-Y3 P(X = x)
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_ 3 —33"
=1-Ype ™ —

_ _3[3° 31 32 33
=17 G

=1- e73(13)

= 1-0.0498 x 13

= 1- 0.6474
P(X> 3) =0.3526

Out of 1000 drivers, number of drivers involved with more than 3
accidents

=nx P(X> 3)

= 1000 x 0.3526
=352.6

~ 353

3. If the number of incoming buses per minute at a bus terminus is a
random variable having a poisson distribution with A = 0.9, find
the probability that there will be

(i)Exactly 9 incoming buses during a period of 5 minutes

(ii) Fewer than 10 incoming buses during a period of 8 minutes.
(iii)Atleast 14 incoming buses during a period of 11 minutes.
Solution:

(i) A for number of incoming buses per minute = 0.9
Afor number of incoming buses per 5 minutes =0.9 x5
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=45
o A1
P exactly 9 incoming buses during 5 minutes = 5
=45 x (45)°
P(X=9) = Y

(ii) Fewer than 10 incoming buses during a period of 8 minutes =

P(X< 10)

A=09x8=7.2

=72 X (7.2)*

Required probability = Y5 _,

x !

(iii) P atleast 14 incoming buses during a period of 11 minutes =
P(X= 14)

=1- P(X< 14)

A=11x0.9=9.9

e—9.9 X (9.9)%

Required probability = 1- Y13

x !

4. If X is normally distributed with mean 6 and standard deviation 5
find. (i) P(0<X<8) (ii) P(|X-6|< 10)
Solution:
Givenu =6 ,0 =5

Z=X;”

P(0<X<8) = P(-1.2 <Z< 0.4)
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= P(0<Z< 1.2) + P(0 <Z< 0.4)

-0.3849 + 0.1554
= 0.5403

(ii)P(X-6|< 10) = P(-10 < (X — 6) < 10)
—4—-6 —10

X=-4 Z—T—?—-Z

16—6 10
X16Z—5 52

P(-4<X<16)= P(-2<Z<2)
=2P(0<Z<2)
=2(0.4772)
=0.9544

5. The mean score of 1000 students for examination is 34 and S.D is
16. (i) How many candidates can be expected to obtain marks
between 30 and 60 assuming the normality of the distribution and
(ii)determine the limit of the marks of the central 70% of the
candidates.

Solution:

u=34, =16, N=1000
(i) P(30<X<60); z=2*

30-p _30-34 _ —4_ o

X=30, Z;= 16 16
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7,=-0.25
7,= =034 20 _ 4 625
16 16

P(-0.25<7Z<1.63) =P(0<Z<0.25) + P(0<Z<1.63)
=0.0987 + 0.4484
=0.5471
No of students scoring between 30 and 60 = 0.5471 x 1000
=547

(ii)  Limit of central 70%of candidates:
Value of Z1 from the area table for the area 0.35 =-1.04

[as Z1 lies to the left of Z=0]

Similarly Z,=1.04

X

—34
e =1.04

Z1=
X1=16x1.04 +34
=16.64 + 34

=50.54

X1 =50.64

X—34

/o=
2" 16

=-1.04

X;=-1.04x 16 +34

= -16.64 + 34
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=17.36
X2 =17.36
70% of the candidate score between 17.36 and 50.64

6. The air pressure in a randomly selected tyre put on a certain
model new car is normally distributed with mean value 31 psi and
standard deviation 0.2 psi.

(i)  What is the probability that the pressure for a randomly
selected tyre (a)
between 30.5 and 31.5 psi (b) between 30 and 32 psi

(ii)  What is the probability that the pressure for a randomly
selected tyre exceeds 30.5 psi?
Solution:

Givenu = 31,0 = 0.2

() (a) P(30.5<X<31.5) ; Z= )%“

(ii)

30.5-31 _ —0.5

When X= 30.5, Z= 7 o2 - -2.5
315-31 0.5
When X=31.5, Z= 0 "oz - 2.5

P(30.5<X<31.5) = P(-2.5<Z<2.5)
= 2 P(0<Z<2.5)

= 2(0.4938)
=0.9876
(b) P(30<X<32)
30-31 -1
When X=30, Z= 07 "oz 5
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WhenX=32, z=2-31_1 _ ¢
0.2 0.2

P(30<x<32) = P(-5 <Z<5) =area under the whole curve = 1 (app.)

When X=30.5, 7=30231 _ 05 _ 55
0.2 0.2

P(X>30.5) = P(Z>-2.5)
=0.5+P(0<Z<2.5)
= 0.5+ 0.4938
=0.9938

7. The mean weight of 500 male students in a certain college in 151
pounds and the standard deviation is 15 pounds. Assuming the
weights are normally distributed, find how many students weigh
(i) between 120 and 155 pounds (ii)more than 185 pounds.

Solution:
Let X denote the weight of male students.

u=151, =15 N =500

. 120-155 =31
() When X=120, 2= === —==-2.067

155 — 151 4
When X= 155, Z= T == 0.2667

P(120<X<155) = P(-2.067 <Z < 0.2667)
= P(-2.067<2<0) + P(0<Z<0.2667)
= P(0<Z<2.067) + P(0<Z < 0.2667)
= 0.4803 + 0.1026

P(120<X<155) = 0.5829
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Probability for a students weigh lies between 120 and 155 is 0.5829
Out of 500 students number of students weigh lies
between 120 and 155 =500 x 0.5829

=291 students

(i) P(X>185)
185 — 151 34

When X= 185, Z= T == 2.2667

P(X>185) =P(Z>2.2667)
= P(2.2667< Z<)
= P(0<Z<0) - P(0<Z<2.2667)
=0.5-0.4881
P(X>185) =0.0119
Probability for a students weigh is above 185 is 0.0119

Out of 500 students number of students weigh
more than 185 pound =500 x 0.0119

= 6 students

8. Find ¢, u and o of the normal distribution whose probability
function is given by f(x) = ¢ eX’ 3% 0 < X < oo,
Solution:

f(x) = ce*’ 3% o0 < X < oo.

f(x) = c e~®*=3%)
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~{@-?-6?}

=ce
3,2, 9
=ce WPy
3
9 _1X72\2
=cet.e (1\\/2)

3 1 1
Mean= p==> and 0= - , 02=5

The probability density function of a normal distribution is

fx) = ——e2 07

e 2
oV2m
1 9
= C e4
o\2m
= c et =0
- _\/21'[
9
e 4
=> C=—
Vr

8. Obtain k, u and o? of of the normal distribution whose
probability distribution function is given by

f(x) = k e 2X°+4% o0 < X < o0
Solution:
f(x) = k e 2X°+4% o0 < X < o0

=k e—Z(xz—Zx)
—k e 20 —1)242

—k e2e—2(x —1)2
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1 x—1.2
=k e2e2 2

1 1
Mean= p=1 and 0 = - , GZZZ

The probability density function of a normal distribution is

-1 x—u\2
1 iR
ez(a)

o2

f(x) =

1

oVa2m

= k e?

2 2
=> k e = —
V27

V2e~ 2

T

=> k:

10.A random variable X has the following probability mass function
X 0 1 2 3 4 5 6

P(X=x) k 3k 5k 7k 9k 11k 13k

(1) Find k.

(2) Evaluate P(X < 4), P(X >5) and P(3<X <6)

(3) What is the smallest value of x for which P (X <x) >%
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Solution :

(1) Since P(X =x) is a probability mass function
(2 X PX=x)=1

3)
P(X=0) +P(X = 1)+P(X = 2)+P(X = 3)+P(X = 4)+P(X = 5)+P(X = 6) = 1.

:>k+3k+5k+7k+9k+11k+13k:1:>49k:1:>k:£

2Q)PX<4)=P(X=0)+PX=1)+P(X=2)+P(X=3)

1 3 5 7 16
T Tt T

P(X25)=P(X:5)+P(X=6)=% + % :%
P(3<XS6)=p(X=4)+P(X:5)+P(X:6):% + %+g = %

(3) The minimum value of x may be determined by trial and error
method.

P(X <0) == <
4

P(X <1) = <
9

P(X 32) :E <

P(X <3) =2 <

N | = N | = N | = N | = N | =

P(X <4) == >

.".The smallest value of x for which P(X <x) >% is4
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9. An urn contains 4 white and 3 red balls. Find the probability
distribution of number of red balls in three draws one by one from
the urn. (i) with replacement

(if) without replacement

Solution : (i) with replacement

Let X be the random variable of drawing number of red balls in three
draws.

.". X can take the values 0,1,2,3.
P(Red ball) == = P(R)

P(Not Red ball) == = P(W)

Therefore P(X = 0) = P(www) =§X ;X ; - %

P(X=1) =P(Rww) + P(WRw) + P(WwR)
3 A 4 A 3 4, A A3
SFX X XX X oX
_ 144
343
P(X = 2) = P(RRw) + P(RWR) + P(WRR)
3.3 4 3 4 3 4 3 3
T7X X XX g XXy

108
343
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P(X=3) = P(RRR)

333
= -X <Xz
70707

_ 27
343

The required probability distribution is

X 0 1 2 3
P(X=x) 64/343 144/343 108/343 27/343
Clearly all p;’ s are > 0 and ), p;=1

Without replacement:

() P(nored ball) = P(X=0) = =120 = ~
C3

42X31 18

(i) P(1 redball) =P(X=1) = ==

41X32 12

(iii) P(2 redball) =P(X=2) = ==

(iv) P(3 red ball) = P(X=0) = ~LX3% = —
€3

X 0 1 2 3
P(X=x) 4/35 18/35 12/35 1/35
Clearly all p;’ sare > 0 and ), p;=1
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11.The total life time (in year) of 5 year old dog of a certain
breed is a Random Variable whose distribution function is given by

0, forx <5
fe =1, _ 25

i forx>5

Find the probability that such a five year old dog will live
(i) beyond 10 years (ii) less than 8 years

(iii) anywhere between12 to 15 years.

Solution :

(i) P(dog living beyond 10 years)

P(X > 10) = 1 —P(X <10)

:1—(1— i—z)whenleo

(i1) P(dog living less than 8 years )
P(X < 8) = F(8) [since P(X < 8) = P(X <8) for a continuous distribution]

(1-5)=(-5)

_ 39
64
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(iii)P(dog living any where between 12 and 15 years ) = P(12 <x < 15)
= F(15) -F(12)
_ 25 25
(1-5)-(1-3)

1

16

Six marks questions:

1. Find the probability distribution of the number of sixes in
throwing three dice once.
Solution:

Let X denote the number of sixes in throwing three dice once. Then X
is a random variable that can take the values 0, 1, 2 and 3

Probability of getting a six in a single die is % and not getting a six is %
1 ,=, 5
P(S)=¢, P(S) =2

P(X=0) = P(SSS)
= P(S)P(S)P(S)

555

T 666

125
216

P(X=1)=P(SSS or S S S or S§ S)
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=P(SSS)+P(SSS)+ P(SSS)
=P(S)P(SHP(S) + P(5) P(S)PS) + P(SPS) P (S)

P(X=2)=P(SS S orSSSor SSS)
=P(SS S)+P(SSS)+ P(SSS)
=P(S)P(S)P(S) + P(S)P(S)P(S) + P(SP(S)P(S)

=3x --2
666

15

216

P(X=3) = P(SSS)

= P(S) P(S) P(S)

111

666
1

" 216

The required probability distribution is
X 0 1 2 3

P(X=x) 125/216 75/216 15/216 1/216
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2. Two cards are drawn successively without replacement from a
well shuffled pack of 52 cards. Find the probability distribution of
the number of queens.

Solution:

Let X denote the number of queens obtained in a draw of two cards.
Obviously X is a random variable which can take the values 0,1 and 2.

Queen Others

4 48

P(X=0) = P( No queen)

_4co x48¢y
52C2

188
T 221

P(X=1) = P(one queen)

_ 4c1 x48¢q
5262

32
221

P(X=2) = P(two queen)

_4cpxascg 1
52¢, 221

The probability distribution function is
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X 0 1 2

P(X=x) 188/221 32/221 1/221

3. Two bad oranges are accidentally mixed with ten good ones. Three
oranges are drawn at random without replacement from this lot.
Obtain the probability distribution for the number of bad oranges.
Solution:

Let X denote the number of bad oranges are drawn. Clearly X be a
random variable which can take the values 0, 1 and 2. In this
problem ‘three oranges are drawn at random without
replacement’

No good Bad Total
oranges oranges
10 2 12

P(X=0) = (No bad oranges)
_2€0 x10c3
T 12c3
12
T2
P(X=1) = (one bad oranges)

_ 2c1 x 10c2
12C3
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P(X=2) = (two bad oranges)
_ 202 x10¢q
T 12c4

1
22

The probability distribution is
X 0 1 2

P(X=x) 12/22 9/22 1/22

4. A discrete random variable X has the following probability
distributions.
X 01 2 3 4 5 6 7 8

P(X=x) a 3a 5a 7a 8a 1la 13a 15a 17a

(i)  Find the value of a (ii) Find P(x<3) (iii) Find P(3<x<7)
Solution:

(i)  Since P(X=x) is a probability mass function

8
;P(X=x)=1

P(X=0) + P(X=1)+ ........+P(X=8) =1
a+3a+ 5a+ 7a+9a+.....+17a=1
8la =1

1

a=—
81
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(ii) P(X<3) = P(X=0) +P(X=1)+ P(X=2)
=a+3a+5a

=9a
9

81

1

9

(iii) P3<X<7) = P(X=4) +P(X=5)+ P(X=6)
=9+ 11a+ 13a

=33a
33
~81
11
T 27

— 3
5 Find the p.d.f. f(x) = {Cx(l %0 <x <1

0 elsewhere

Find (i) the constant c (ii) P(x < %)
Solution:
(i)  Since f(x) is a probability density function fjooo f(x)dx =1
cfol x(1—x)3 =1
c fol(l —x)x3dx =1 foa f(x)dx = foaf(a —x) dx
c fol(x3 —xHdx =1
-2

g

(3)=1

c=20
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(i) Plx<3) = [2feodx=20 ;" x(1-x)* dx
=20 fol/z(x —3x% + 3x3 —xYdx
1/2

0
1 1 3 1
-2°[§—§+a—ﬁ]

1 13
"(x < 5)- 6

x2 0<x<1
1 X >1

6. For the distribution function given by 0 x<0
F(x)=

Find the density function. Also evaluate (i) P(0.5<X < 0.75)

(i) P(X< 0.5) (iii))P(X > 0.75)

Solution
dF(x) _ (2x, 0<x<1
=== = {O else where
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(i)  P(0.5< x< 075) = F(0.75) - F(0.5)
= (0.75)% —(0.5)?
=0.3125

(ii) P(X< 0.5) =P(-00 < x < 0.5)
= F(0.5) — F(-00)
=(0.5)%-0
=0.25

(iii)  P(X>0.75) = P(0.75< X < )

= F(00) — F(0.75)
= 1- (0.75)?
= 0.4375

7. Arandom variable X has a probability density function

_ (k, O0<x<2m
fx) = { 0 else where

Find (i) k (ii) P(o <X< g) (iii) P(% <X< 37”)

(i)  Since f(x) is a pdf fjooo fx)dx =1

kfMdx =1
k[x]3" =1
2nk =1
=> k= !
B - 2m
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(ii) P(O <X< %) = [ fd= [ *— dx
1

_ 2
—E[x]on

s
2

1
2T
1
4

™ 3m\ _ 37m/2 1 (3m)2
i) P(5<Xx<Z)= [/ fodx = 7/ dx

_ 1 3m/2
2n [x]”/2

2(62-3)

8. Find the probability mass function, and the cumulative distribution
function for getting ‘3’s when two dice are thrown.

Solution :
Two dice are thrown. Let X be the random variable of getting number of

‘3’s. Therefore X can take the values 0, 1, 2.
cq> 25
P(no ‘3°)=P(X=0) =%

P(one ‘3°) = P(X = 1) =2
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P(two 3s) = P(X = 2) =

Sample Space

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (2,2) (2,3) (2,4) (2,5) (2,6)

(3,1) (3,2) (3, 3) (3,4) (3,5) (3,6)

(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)

(5.1) (5.2) (5.3) (5.4) (5,5) (5.6)

(6.1) (6,2) (6,3) (6,4) (6,5) (6,6)

probability mass function is given by
X 0 1 2

P(X=x) 25/36 10/36  1/36

Cumulative distribution function :

We have F(x) = X%, P(X = x;)

F(0) = P(X = 0) =—

F(1) = P(X = 0) + P(X = 1) ==

F(2)=P(X=0)+P(X=1)+P(X=2) == =1

X 0 1 2

F(x) 25/36 35/36 1
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9. A continuous random variable X follows the probability law,

f(x)=| kx(1—x)10, O<x<1
0 elsewhere

Find k

Solution :

Since f(x) isa p.df [ f(x)dx=1

[} kx (1 —x)10=1

[ k(1 =00 = (1= 0] dx =1
kf, (1 — x)x™° dx =1

kf, (10~ x11y dx =1

i - 1, =

10.A continuous random variable X has p.d.f.

f(x) = 3x%, 0<x <1, Find a and b such that.(i) P(X <a) = P(X >a) and
(ii) P(X >b) = 0.05

Solution :

(i) Since the total probability is 1, [Given that P(X <a) = P (X >a]
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P(X<a)+P(X>a)=1
e, P(X<a)+P(X<a)=1
=P(X <a) =

1 1
Jy fe)dx == =>[ " 3x2dx ==
3x3 a_
5,1

1
:>a3: —

2
i.e., a= (%)1’3

(ii)P(X >b) = 0.05
-'.fbalf(x)dx = 0.05

=> [ 3x2dx = 0.05

[%]: =0.05=> 1-b%=0.05

b®=1-0.05=0.95

95

100
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4 1<x<ed
111 f(x)={x’

0, elsewhere

Is a probability density function of a continuous random variable X, find
p(x >e)

Solution:

Since f(x) isa p.d.f. [ f(x)dx=1
f1e3§ dx=1=A[log x]§3:1
=A[log e*-log 1] = 1
=A[3]=1

=>A=1/3

1 1<x<ed
Therefore f(x) = {x ’

0, elsewhere

3
P(x>e) = % S % dx

- [logx]§’

1
WIN Wi~k W]
~
w
1
BN
) ——
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12.Two unbiased dice are thrown together at random. Find the expected
value of the total number of points shown up.

Solution :

Let X be the random variable which represents the sum of the numbers
shown in the two dice. If both show one then the sum total is 2. If both
show six then the sum is 12.

The random variable X can take values from 2 to 12.
1.1

(1,2) (2, 1)

(1,3)(2,2)(3,1)

(1,4)(2,3)(3,2) (4,1)
(1,5)(2,4)(3,3) (4,2) (5,1)
(1,6)(2,5)(3,4) (4,3) (5,2) (6, 1)
(2,6) (3,5) (4,4) (5,3) (6,2

(3,6) (4,5) (5,4) (6, 3)

(4, 6) (5, 5) (6, 4)

(5, 6) (6, 5)

(6, 6)
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.". The probability distribution is given by.

X 2 3 4 5 6 7 8 9 10 11 12
PX=x) 1 2 3 4 5 6 5 4 3 2 1

E(X) = Zpixi= 2X; pi

:(ZX%) +(3 x%) +(4X %) + o + (12)(%)
252

36

=7

13.The probability of success of an event is p and that of failure is g.
Find the expected number of trials to get a first success.

Solution:

Let X be the random variable denoting ‘Number of trials to get a first

success’. The success can occur in the 1% trial. .". The probability of

success in the 1st trial is p. The success in the 2" trial means failure in
the 1st trial.

.. Probability is qp.

Success in the 3" trial means failure in the first two trials. .". Probability
of success in the 3" trial is g°p. As it goes on, the success may occur in
the nth trial which mean the first (n —1) trials are failures.

—gn-1

.. probability p.
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The probability distribution is as follows

X 1 2 3 ... n..
P p  ap 9P . q"'p...
CE(X) = 2 piX;

=1.p+2gqp+3gp+...+ng"'p..

n-1

=p[l+2q9+3g2+...+nq " +..]
=plL—]”

=p(p)*?

14. An urn contains 4 white and 3 Red balls. Find the probability
distribution of the number of red balls in three draws when a ball is
drawn at random with replacement. Also find its mean and variance.

Solution :

with replacement

Let X be the random variable of drawing number of red balls in three
draws.

.. X can take the values 0,1,2,3.

P(Red ball) =2 = P(R)

86 | BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ,ARAKONAM-12""MATHS 6 & 10 MARKS

O A O N N R e e

y
E N B N B N o



O e A O N R e R e e

P(Not Red ball) == = P(W)

Therefore P(X = 0) = P(www) = %X ;X ;

64
343

P(X=1) = P(Rww) + P(WRw) + P(wwR)

3.4 4, 4.3 4,4 4 3
=-X<-X-+ oXoXo+ XX o
XX 7t gX Xt XX

144
343

P(X = 2) = P(RRw) + P(RWR) + P(WRR)

3.3 4,3 4 3, 4 3 3
=-X-X-+ XXt + cX XS
X X7 X Xt X oXs

108
T 343

P(X=3) = P(RRR)

3.3_3
= =X =Xz
75777

27
343

The required probability distribution is

X 0 1 2 3
P(X=x) 64/343 144/343 108/343 27/343
Clearly all p;’ s are = 0 and ), p;=1
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Mean E(X) = X pj X

(%) 1) o)+ 5@

9

T 7
Variance = E(X?) —[E(X)]°

E(X) = Zpix;

=0 (55) + 1 (Ga) + 2 (55) + 3 (55)

_ 117

49

i =117 _ 52
Variance = 7 (7)

_ 36
49

15. A game is played with a single fair die, A player wins Rs. 20 if a 2
turns up, Rs. 40 if a 4 turns up, loses Rs. 30 if a 6 turns up. While he
neither wins nor loses if any other face turns up. Find the expected sum
of money he can win.

Solution :

Let X be the random variable denoting the amount he can win. The
possible values of X are 20, 40, —30 and O.

P[X = 20] = P(getting 2) :%
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P[X = 40] = P(getting 4) =
P[X = —30] = P(getting 6) :%
The remaining probability is%

X 20 40 30 0
Px) 1/6 16 1/6 %

Mean E (X) = X p; Xi
() +a () + Q)+ 0 ()
=5

Expected sum of money he can win = Rs. 5

16. In a continuous distribution the p.d.f of X is

3
f(x)=1X(2—X), 0<x<?2
0 elsewhere

Find the mean and the variance of the distribution.

Solution :

Mean = E(X) = fjooo x f(x)dx

= [y x= x(2 — x) dx
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=%f02x2 (2 —x) dx

=2 [J(2x? -x¥) dx

2
3k5- 5]
-sE® - 7]
=1
Mean =1

E(X?%) =[x f(x)dx
=f02x2% x(2 —x) dx
=%f02x3 (2 —x) dx

=2 [7(2x3 -x*) dx

3 [2 x?t x5]2
4 4 51

_3[16 32
Tal2 5

E(X?) =3

Variance = E(X%) —[E(X)]?
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17. Find the mean and variance of the distribution

f(x) 93, 0 <x <o
0, elsewhere

Solution:
Mean=E(X) = [*_x f(x)dx = fooo x (3 e73%) dx

_3 (P xe3rdx=3 L =1 i
= 3f0 xe ¥ dx=3 .37 =3 (by Gammaintegral)

1
Mean =§

E(X?) =" x?f(x)dx = [ x*(3 e~ dx

=3 [ x? e dx

21
"33

( by Gamma integral)

o N w

V(X) = E(X?) — [E(X)]?

=5 Q-

O | -

1 ) 1
Mean =3 ; Variance = 5
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18. A die is tossed twice. A success is getting an odd number on a toss.
Find the mean and the variance of the probability distribution of the
number of successes.

Solution:
Let X denote the number of success in throwing a die twice.

X is clearly a random variable and takes the values 0, 1 and 2
P(success) =% ; P(failure) =%

1 1
P(S) =5 , P(F) =5

11 1

P(X=0) = P(FF) = P(F) P(F) = 237 1
P(X=1) = P(SF or FS)=P(SF) + P(FS) = P(S) P(F) + P(F) P(S)

=2 P(F) P(S)

=222

22
1

2
11 1
P(X=2) = P(SS) = P(S) P(S) = 23 T2
Probability mass function is
X 0 1 2

P(X=x) 1/4 1/2 1/4

Mean = E[X] = X%, x;p; = OG) + 1.% +2-=1
Variance = E(X?) — [E(X)]?
E(X?) = Y%, x*p;
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=09 (5)+ 1D ) + @ ()

_ 3

=3
V(X) = E(X?) — [E(X)]?
=5 - 7

. 1
Mean =1, Variance = 2

19.Find the expected value of the number on a die when thrown.

Solution:

Let x denote the number on die . Clearly X can take the values
1,2,3,4,5and 6

The probability mass function is

X 1 2 3 4 5 6

P(X=x) 1/6 1/6 1/6 1/6 1/6 1/6

Mean = E[X] = X%, x;p;

-0 (5)+@()+ @F)+@E)+ G () + © (3)
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21

= 3.5

20. In an entrance examination a student has to answer all the 120
questions. Each question has four options and only one option is correct.
A student gets 1 mark for a correct answer and loses half mark for a
wrong answer. What is the expectation of the mark scored by a student if
he chooses the answer to each question at random?

Solution:

Let x be the mark obtained by a student for answering a question.

X is a random variable and can take the values 1, - %
. . 1
P(X=1) = P(answering a question correctly) = ”

P(X=- %) = P( answering question wrongly) = %
Probability mass function is
X 1 -1/2

P(X=x) %4 3/4

E[X] =X x;p;

-0.(5)+ (-2)6)

1
8
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: o |
Expectation of mark when he answering single question is - -

8
Expectation of marks for answering 120 questions =(120) ( — %)

= -15

21. Two cards are drawn with replacement from a well shuffled deck of
52 cards. Find the mean and variance for the number of aces

Solution:

Let X denote the number of aces drawn in drawing two cards with
replacement .

X is a random variable takes the values 0, 1 and 2

4 - 48
P(A) = = P(A) = &=

P(X=0) = P(no aces) = P( AA)

=P(A4) P(4)
_ 1848
5252

144

169

P(X=1) = P(one ace) =P( A A or A A)
=P(A) P(A)+ P(A) P(A)
= 2 P(A) P(4)
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P(X=2) = P(two aces) = P(AA)
= P(A) P(A)
4 4
5252
1
169

X 0 1 2

P(X=x) 144/169 24/169 1/169

Mean = E[X] = X%, x; p;

-0 (555) + 1) (55) + @ ()

2

13

E(X?) = Y2, xp;

= (0%) (5g5) + (19 (555) + @ (555)

28

169

V(X) = E(X?) — [E(X)]?

~ 169 (_)2

24
"~ 169
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22.In a gambling game a man wins Rs.10 if he gets all heads or all tails
and loses Rs.5 if he gets 1 or 2 heads when 3 coins are tossed once. Find
his expectation of gain.

Solution:
Let X denote amount

X is a random variable takes the values 10 and -5.
The sample space for 3 coins are tossed is

{HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
P(X=10) = P(getting 3 heads or 3 tails) = g

P(X=-5) = P( getting 1 head or 2 heads) =§

Probability mass function is
X 10 -5

P(X=x) 2/8 6/8

Expectation of gain = E[X] = X%, x;p;

- 10) (§)+ 51 (5)
= —125

Loss of Rs. 1.25
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23.The probability distribution of a random variable X is given below:
X o 1 2 3

P(X=x) 0.1 0.3 0.5 0.1

X2+ 2X find the mean and variance of Y
Solution:

When Y= X2+ 2X , the distribution function is

Y=X242X O 3 8 15

p;-P(Y=y) 0.1 03 05 0.1

Mean = E[Y] = X%, v;p;
=(0) (0.1) + (3) (0.3) + (8) (0.5) + (15) (0.1)
=6.4

E[Y2] = (0%) (0.1) + (32) (0.3) + (82) (0.5) + (152) (0.1) = 57.5

V(Y) = E(Y?) — [E(Y)]?

= (57.5) - (6.4)?

=16.24
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24. Find the Mean and Variance for the following probability density

functions
1
. , =12 < x <12
(i) fx)= {
0 ,elsewhere
Solution:

Mean = E(X) = fjooo x f(x)dx
- f—lfz X (ﬁ) dx
(j f(x)dx = 0 when f(x)is an odd function)
=0

E(X?) = [, 6% f(x)dx

[T (55) dx

_~ 112 o
=2. [, x% dx

1 [x3]12
1213 1
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1 123]
1203

144
T3

= 48

V(X) = E(X?) — [E(X)]?
=48 -0

= 48

.. _(ae ™™ x>0
(i) flx) = { 0 otherwise

Solution:

Mean=E(X) = [ x f(x)dx = fooo x ae” ™ dx

= afooo xe ¥ dx=a«a % =% ( by Gamma integral)

1
Mean =—
a

E(X?) =" x*f()dx = [ x* a e™ dx

00 2! 2 .
= afo x?e ™ dx=a === ( by Gamma integral)
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V(X) = E(X?) — [E(X)]?

21
)
Variance = —
a
xe ™, if x>0
xX) =
(i)~ () {O otherwise

Solution:
Mean = E(X) = fjooo x f(x)dx = fooo x (x e™) dx
= fOOO xze_x dx
- % ( by Gamma integral)
=2
Mean =2
E(X%) =" x?f(x)dx = [ x? (x &™) dx

=[x e dx

= % ( by Gamma integral)
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=6

V(X) = E(X?) — [E(X)]?
= 6—2°
=6-4
Mean =2; Variance =2

25. Let X be a binomially distributed variable with mean 2 and

standard deviation % Find the corresponding probability function.

V
Solution :

2
np=2;npq=$
..npq = 4/3
. _npq _ 4/3 _ i _Z
"q_ﬁ "2 T 6 3

W -

p=l1-q=1-2 =
Sp=l-q=1-1

np =2 .'.nG):Z =>n=6

.. The probability function for the distribution is

PIX=X]=6C()* (3) . x=0,1,2, ....6
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26. A pair of dice is thrown 10 times. If getting a doublet is

considered a success find the probability of (i) 4 success (ii) No success.
Solution :

n=10. A doublet can be obtained when a pair of dice thrown is

{(1,2), (2,2) (3,3), (4,4), (5,5) (6,6)} ie., 6 ways.

Probability of success is getting a doublet

1 5
q=1-p=1— = <
Let X be the number of success.

We have P[X = x] = nC, p*q™*

(a)P(4 successes) = P[X = 4] = 10C, (%)4 (2)6

_ 210x5°
610

35 (5)6

216 6

(b) P (no success) = P(X =0)
= 10C0 (2)10

5
— (g)lO
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27. 1t a publisher of non-technical books takes a great pain to ensure that
his books are free of typological errors, so that the probability of any
given page containing atleast one such error is 0.005 and errors are
independent from page to page (i) what is the probability that one of its
400 page novels will contain exactly one page with error. (ii) atmost

three pages with errors. [e? = 0.1353 ; e *?. = 0.819].

Solution :
n=400, p=0.005

S.np=2=24

e=A1 e~ 221

(i) P(one page with error) = P(X = 1) = =—— =

=0.1363 X2=0.2726
(if)P(atmost 3 pages with error) = P(X <3)
e A"

— \'3
_ZX=0 Xl

—22x

—\'3¢€
&0 x!

_ 2 22 23
=e 1+ + =+ o

3!
e (3)
= 0.8569
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28.Suppose that the probability of suffering a side effect from a certain
vaccine is 0.005. If 1000 persons are inoculated, find approximately the
probability that (i) atmost 1 person suffer. (ii) 4, 5 or 6 persons suffer.

[e™ =0.0067]

Solution :

Let the probability of suffering from side effect be p
n=1000,p=0.005,A= np=5.

(i) P(atmost 1 person suffer) = p(X <1)
=p(X=0)+p(X=1)

_e"lﬂo n et
0! 11

= e M1+ 4]
=g (1+5)
=6 Xe°

=6 X 0.0067

=0.0402
(i1) P(4, 5 or 6 persons suffer) = p(X = 4) + p(X =5) + p(X = 6)

et + e 42 + e 48
T 41 51 6!
—) 14 2
e ) A A
= 1 _ -

41 [ T 5+30
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_ e 54
24

5 25
1+ 2+5

_e7o5% (17)
24 \6

10625
T 144

=0.4944

< 0.0067

29. In a Poisson distribution if P(X = 2) = P(X = 3) find P(X =5)
[given e = 0.050].
Solution :

Given P(X = 2) = P(X = 3)

. e‘ll4 _ e‘ﬁl4
Y 31
—=32=)3

A(3-1)=0 Asi#0 1=3

—).4
P(X=5) = =

e 334

5!

_0.050 x 243
120

=0.101
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30. Four coins are tossed simultaneously. What is the probability of
getting (a) exactly 2 heads (b) at least two heads (c) at most two heads.

Solution :

Given that n=4

1

P = P(getting head when a coin when a coin is tossed) = % =7

Let X denote the number of heads,
~ X is arandom variable follows binomial distribution

P(X=x) =nc,p*q" ™ x=0,1,2,3,4

(a)Exactly 2 heads

i (Y ()"

(b)Atleast 2 heads

PX>2)= 1—P(X <2)

= 1- [ P(X=0) + P(X=1)]

=14 Q' + 4 G ]

1, 4
=1-|—+ —
61 1o

11

16
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(c) Atmost 2 heads
PX<2)=1-PX > 2)

= 1- [P(X=3) + P(X=4)]

=1- |4 P+ e Q) |

1

= 1[5+ 5

16
11
" 16

31.The overall percentage of passes in a certain examination is 80. If
6candidates appear in the examination what is the probability that

atleast 5 pass the examination

Solution :
. o 80 4
Let p = percentage of pass in examination = — =
1
9=1-p=¢
n=6

Let X denote the number of candidates of pass in examination.
X is the random variable follows a binomial distribution and
P(X=x) =nc,p*q"™* x=0,1,2,........6
P(Atleast 5 pass) = P(X= 5)

= P(X=5) + P(X=6)

= [6cs @@+ 6cs °Q)" |
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45
= 5_6 [6+4]

2048
=5

2048
P(XZ 5) = ﬁ

32. 20% of the bolts produced in a factory are found to be defective.
Find the probability that in a sample of 10 bolts chosen at random
exactly 2 will be defective using (i)Binomial distribution (ii) Poisson

distribution. [e *= 0.1353].

Solution :

) 20 1 4
Given that p= Too=s ' 95 5 n=10
Let X denote the number of defective bolts chosen
(i)Using Binomial distribution

1.9 ,1
P(X=2) = 10c; (2)*(9)°
48
=45 (5m)
(ii)Using Poisson distribution
1
A=np,= 10.§ =2

e A1*
x!

P(X=x) =

e~222

P(X=2) = y
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P(x=2) =2 e~
=2 x 0.1353

=0.2706

33.Alpha particles are emitted by a radio active source at an average rate
of 5 in a 20 minutes interval. Using Poisson distribution find the
probability that there will be (i) 2 emission (ii) at least 2 emission in a
particular 20 minutes interval. [e™ = 0.0067].

Solution :
Average number of particles emitted in 20 minutes =5 i.e., A=5
X be the number of particles emitted in 20 minutes

()P(X=2) = e‘52—2!

= 0.0067 x %

= 0.0838

(i)P(X=2)=1—-P(X < 2)
= 1- [P(X=0) + P(X=1)]

50 51
— +

_ 1. ,-5 50
=1l-e 0! = 1!
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=1-0.0067 x6

P(X>2) =0.9598

34.Suppose that the amount of cosmic radiation to which a person is
exposed when flying by jet across the United States is a random variable
having a normal distribution with a mean of 4.35 m rem and standard
deviation of 0.59 m rem. What is the probability that a person will be
exposed to more than 5.20 m rem of cosmic radiation of such flight

Solution :
Let X be the random variable normally distributed .

Given that u = 4.35,0 =0.59

- T
-'.--F .-I.

X=5.20 Py .
L X—u _52-435 - e
o 059 —s r=d43 M=aI o

) =121

7= 22 _1.44
0.59

P(X >5.20) = P( Z > 1.44) = P(1.44< Z <o)
=0.5-P(0<Z<1.44)
=0.5-0.4251

P(X >5.20) =0.0749
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35. The life of army shoes is normally distributed with mean 8 months
and standard deviation 2 months. If 5000 pairs are issued, how many
pairs would be expected to need replacement within 12 months.

Solution :
Let x denote the life of army shoes.

u=8,0=2, N = 5000

X=12, 7= *# - 128 _
g 2

PX< 12) = P(Z < 2)

=P(-00 < Z < 2)
=P(-00 < Z < 0) + P(0<Z<2)
=0.5+0.4772
P(X< 12) =0.9772
The probability for a shoe need to be replaced is 0.9772
Out of 5000 pairs of shoes number of pairs to need replacement
= 5000 x 0.9772

= 4886 pair of shoes
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36. If the height of 300 students are normally distributed with mean 64.5
inches and standard deviation 3.3 inches, find the height below which
99% of the student lie.

Solution :

Let x denote the height of a student

U = 64.6 inches,oc = 3.3 inches

Given that P(-o0o < Z <¢)=0.99
Po<Z<0)+P(0<Z<c)=099

0.5+P(0< Z <c)=10.99

~P0<Z<c)=049 .. (1)
P(0<Z<2.33)=049 ... (2)
From the table
From (1) and (2) c=2.33
z=224
o
5332 X;Z4.5

X=2.33x3.33+64.5

X=72.19 inches
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37.Marks in an aptitude test given to 800 students of a school was found
to be normally distributed. 10% of the students scored below 40 marks
and 10% of the students scored above 90 marks. Find the number of
students scored between 40 and 90.

Solution :
Let x be the marks of a student given f”/"—\\\"-.
P(X< 40) = 0.1 'l x
f_; o
P(X>90) =0.1 o E A e

= » o=l H % =t o

P(40<X<90)=P(-c0 < X < ) —{P(X <40)+ P(X >90)}
=1-0.1-0.1
=0.8

Out of 800 students number of student score

between 40 and 90 =800x0.8

= 640 students
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